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1 Introduction
We motivate this discussion through image segmentation: given an array of pixels, we want to segment the image
into large, internally-coherent pieces. The GrabCut algorithm [3] assigns a probability zi of whether pixel i is in the
foreground or background (i.e. binary segmentation). To ensure cohesive segments, we formulate the optimization
through a graph (typically grid), so that we want to minimize

Lgrabcut(z) =
∑
ij∈E

 zizjEij,11︸ ︷︷ ︸
both foreground

+(1− zi)zjEij,01︸ ︷︷ ︸
boundary

+ zi(1− zj)Eij,10︸ ︷︷ ︸
boundary

+(1− zi)(1− zj)Eij,00︸ ︷︷ ︸
both background


and can be solved exactly in the case of Eij,00 = 0 = Eij,11 and Eij,01 = Eij,10 > 0, e.g. via Gaussian kernel,

Eij,01 = Eij,10 = e
−1

2σ2 (fi−fj)
T (fi−fj)

where fi is a feature associated with the image, such as (p, c) position and color. More generally, when segmenting
into k pieces, we build an affinity matrix and find a cut. In an effort to avoid small trivial segments, the normalized cut
objective is given as

σ(S1, . . . , Sk) =

k∑
ℓ=1

w(∂Sℓ)

vol(Sℓ)

where w(∂S) denotes the sum of weights in the boundary, i.e. all edges with exactly one endpoint in S, and the volume
is the sum of weights of all half-edges from S. We penalize small segments (i.e. with little volume), and also segments
with poor separation (i.e. with large boundaries). Eigenvalues are natural – they are permutationally covariant – and
indeed we will see their use.

2 Laplacians
We start with a graph G = (V,E), with |V | = n, |E| = m and non-negative weights w(·), e.g. the grid-graph with
Gaussian kernel for images. The edge-incidence matrix K ∈ Rm×n indexes rows/cols by edges/nodes, with

Keu =


√
we e = (u, v), u < v

√
−we e = (u, v), u > v

0 otherwise

In particular, for the characteristic vector of a set S, (X S)u = 1u∈S , then

∥KXS∥22 =
∑

uv∈E(S,S)

(
√
we −

√
we)

2
+

∑
uv∈E(V−S,V−S)

(0− 0)
2
+

∑
uv∈∂S

(±
√
we − 0)

2
= w(∂S)
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K acts as the gradient operator of a vertex-valued function, and KT acts as the divergence operator of edge-valued
vector-field. KTK is the Laplacian L, and is easy to rewrite as L = D−A, for A the adjacency and D = diag(A1n) =
diag(d). The normalized Laplacian is denoted L̃ = D−1/2LD−1/2 = I −D−1/2AD−1/2 = I − Ã. The Laplacian
is positive semi-definite, with xTLx = ∥Kx∥22 =

∑
ij∈E wij(xi − xj)

2.

3 Spectral clustering
Fix k > 0. We can re-write the normalized cut objective as a Rayleigh quotient,

σ(S1, . . . , Sk) =

k∑
ℓ=1

X T
Sℓ
LXSℓ

X T
Sℓ
DXSℓ

Solving this problem exactly is NP-Hard, so we use this quadratic form to formulate an abstraction. First, we consider
a weighted assignment matrix H ∈ Rn×k, where hi, the i-th row indicates the assignment of vertex i:

hij =

{
1/

√
vol(Sj) i ∈ Sj

0 otherwise

so that σ(S1, . . . , Sk) = Tr(HTLH), since hT
j Lhj =

XT
Sj

LXSj

vol(Sj)
. Note also that hT

j Dhj =
XT

Sj
DXSj

vol(Sj)
= 1, so we want

to optimize Tr(HTLH) subject to HTDH = 1 and H has the discrete entries as above. Relaxing discreteness,

Ĥopt = argmin
HTDH=Ik

Tr(HTLH) = argmin
J=D1/2H,JT J=Ik

Tr(JT L̃J) (1)

Thus, by a standard exercise in SVD, ĴOPT is has columns of the k-minimum eigenvectors of L̃. A standard rounding
is to treat the rows of ĤOPT as an embedding of the points, and run k-means clustering, which has elegant theory via
the Davis-Kahan theorem.

4 Cheeger’s Inequality
To finish off Cheeger’s inequality, we interpret the above by specializing k = 2. We know that 1n is always in the
null-space of L, as (D−A)1n = d−d = 0. Thus, d1/2 is in the null-space of L̃, as L̃d1/2 = D−1/2LD−1/2d1/2 =
D−1/2L1n = 0. The first column of ĤOPT is thus D−1/2d1/2 = 1n, and can be ignored (it is independent of G).
Indeed, with its 0 contribution, the optimal relaxed objective value is the second-smallest eigenvalue of L̃.
Theorem 1. Let λ1 ≤ . . . ≤ λn be the eigenvalues of L̃, σ(G) = minS⊂V σ(S, V − S). Then, λ2 ≤ σ(G).

Now, let us address the problem of rounding the solution. We proceed via sweep-cuts:

• Compute x 2nd eigenvector of the normalized Laplacian D−1/2LD−1/2 = L̃.

• Compute
{
Sτ =

{
v ∈ V : sign(x(v))(x(v))2 ≤ τ

}}
, and take the minimum normalized cut among all τ .

WLOG, assume that x is ascending and x2
1 + x2

n = 1. Suppose we sample τ uniformly among [−(x(1))2, (x(n))2],
and we show that Prτ

(
σ(Sτ ) ≤

√
2λ2

)
> 0. Indeed, it suffices that1

E(min(vol(S), vol(S̄))) = xTDx, E(|∂S|) ≤
√
xT L̃x

√
2xTDx =

√
2λ2x

TDx

1For Y ̸= 0, then Pr
(

X
Y

≤ E(X)

E(Y )

)
> 0, since Z = X −E(X)Y/E(Y ) is zero everywhere, else has positive probability of both signs.
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For the first bound, for both signs of x(u), indeed (as the minimum is determined by the 0 point, since x ⊥ d)

Pr
(
u ∈ argmin(vol(S), vol(S̄))

)
=

{
τ ∈ [−x(u)2, 0] = x(u)2 x(u) < 0

τ ∈ [0,+x(u)2] = x(u)2 x(u) > 0

=⇒ E(min(vol(S), vol(S̄))) =
∑
u

deg(u)x(u)2 = xTDx

For the second, we apply Cauchy-Schwartz to connect ℓ1 and ℓ2 norms,

Pr
(
uv ∈ E(S, (̄S)

)
=

{∣∣x(u)2 − x(v)2
∣∣ different signs

x(u)2 + x(v)2 same signs
≤ |x(u)− x(v)|(|x(u)|+ |x(v)|)

=⇒ E(|∂S|) ≤
∑
uv∈E

|x(u)− x(v)|(|x(u)|+ |x(v)|)

≤
√ ∑

uv∈E

w(uv)(x(u)− x(v))2
√ ∑

uv∈E

w(uv)(|x(u)|+ |x(v)|)2 ≤
√
xTLx

√
2xTDx

Theorem 2. Let λ1 ≤ . . . ≤ λn be the eigenvalues of L̃, σ(G) = minS⊂V σ(S, V − S). Then, σ(G) ≤ 2
√
2λ2.

Putting this together, we find Cheeger’s inequality, typically stated in terms of the conductance

φ(G) = min
S⊂V

w(∂S)

min(vol(S), vol(V − S))

λ2

2
≤ φ(G) ≤

√
2λ2

5 Bibliographic Notes
The background of image segmentation is adapted from Professor Forsyth’s unreleased textbook2[1]. The section of
Laplacians is mostly standard but is adapted from the Fall 2009 instance of MIT 18-4093. The spectral cuts is adapted
from a tutorial in Luxburg [2], as well as Daniel Spielman’s book on spectral graph theory. The proof of Cheeger’s
inequality is described in Trevisan’s 2011 offering of CS3594.
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